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Abstract 

We point out that insertions of matrix fields in (connected am- 
putated) amplitudes of (generalized) Kontsevich models are given by 
covariant derivatives with respect to the Kontsevich moduli. This im- 
plies that correlators are sections of symmetric products of the (holo- 
morphic) tangent bundle on the (complexified) moduli space of FZZT 
Liouville branes. We discuss the relation of Kontsevich parametriza- 
tion of moduli space with that provided by either the {p, 1) or the 
{l,p) boundary conformal field theories. It turns out that the Kont- 
sevich connection captures the contribution of contact terms to open 
string amplitudes of boundary cosmological constant operators in the 
{l,p) minimal string models. The curvature of the connection is of 
type (1,1) and has delta-function singularities at the points in moduli 
space where Kontsevich kinetic term vanishes. We also outline the 
extention of our formalism to the c = 1 string at self-dual radius and 
discuss the problems that have to be understood to reconciliate first 
and second quantized approaches in this case. 
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1 Introduction 



Kontsevich matrix models [H 121 El HI El 1^ have been invented to compute 
correlators of observables in dosed non-critical string theory coupled to either 
minimal or c = 1 conformal matter. After the discovery of the AdS/CFT 
correspondence and the understanding of open/closed duality in the topo- 
logical context [3 m ; it might have been natural to suspect that Kontsevich 
actions should be interpreted as "world volume" actions for some system of 
branes. Only a few years ago, however, advances in Liouville boundary con- 
formal field theory ^ jTHI have allowed to identify precisely which branes are 
described by Kontsevich models: they are stable branes of Liouville theory 
coupled to minimal matter, also known as FZZT branes. A derivation of 
the Kontsevich model as the Witten open string field theory on these branes 
has been given recently ^T] and only in the case of (1, 2) matter — which is 
equivalent to pure topological gravity. So, curiously enough, the open string 
interpretation of Kontsevich models, which should represent, "microscopi- 
cally" , their very definition, has been very little explored: the present paper 
concentrates on this aspect. 

For closed string computations, the observables of interest are gl{N) in- 
variant composite operators of the Kontsevich matrix field Xij, with i,j = 
1, . . . ,N. The physics of open string stretching between N branes is captured 
instead by "colored" correlators of the elementary field X^j. X is the string 
field corresponding to a primary vertex operator of the boundary conformal 
field theory, that, as we will see, is the boundary cosmological constant oper- 
ator B. i3 is a marginal operator and this manifests itself as the fact that the 
Kontsevich action also depends on an external matrix source Zij. The eigen- 
values of Z are the variables by which the string field theory parametrizes 
the moduli space of FZZT branes. Naively, insertions of B in world-sheet 
correlators are given by derivatives with respect to the moduli Z. One of 
the lessons from topological string theories J2| is that in general this is true 
only up to contact terms, which in our case come from the points in moduli 
space where open vertex operators collide between themselves or with a node 
of the surface. The contribution of contact terms is to convert simple deriva- 
tives with respect to the moduli into covariant ones. In this paper we show 
that this is exactly what happens also in the case of the Kontsevich model: 
the connected amputated n-point correlator of the matrix fields X is given 
by the Z.y-covariant derivative of the n — 1-point correlator. We deduce the 
connection which defines the covariant derivative from a differential equation 
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satisfied by the effective potential of the model, as a function of the matrix 
Z and of a matrix field source 0. We do this in Section 2 for the case of the 
(1,2) model and in Section 4 for the general models and c = 1. Ex- 

tending the matrix Z to the complex domain, one finds that the curvature of 
this connection has vanishing (2, 0) part, as required by the symmetry of the 
correlators with respect to exchange of two fields X. The (1, 1) part of the 
curvature, however, is non-zero and has delta-functions with support at the 
points in Z moduli space at which the Kontsevich kinetic term vanishes. At 
these points the Kontsevich matrix theory becomes singular, perhaps signal- 
ing the fact that more degrees of freedom are needed to describe the physics 
in these regions of the moduli space. Such a possibility is not unlikely since 
the Kontsevich matrix models are reductions of the full-fledged Witten open 
string field theory and should be thought of as effective theories. 

From the point of view of the boundary conformal field theory, the com- 
putation of contact terms is generally a difficult problem. The Kontsevich 
connection, encoding the information on these contacts, thus provides pre- 
dictions that are quite non-trivial. In Section 3, a comparison between the 
Kontsevich results and the world-sheet computations is carried out, in the 
case of a single brane and at string tree level. This comparison, apart from 
elucidating some conceptual issues regarding the consistency between string 
field theory and conformal field theory descriptions, also provides non-trivial 
support for the conjecture, not yet explicitely proven beyond p = 2, that 
Kontsevich theory for minimal strings is the (effective) string field the- 

ory of FZZT branes coupled to minimal matter. 

In order to compare with boundary conformal field theory results, one 
first has to understand the relation between the string field theory param- 
eter z and the conformal field theory modulus, which, in our case, is the 
boundary cosmological constant /i^. In general ^3 El? string field theory 
moduli and conformal field theory moduli give different parametrization of 
the open string moduli space. In this context, we find it convenient to relate 
our analysis to the recent results presented in ^3], which have shown that 
disk string amplitudes of boundary cosmological operators in (p, q) minimal 
models are encoded in their closed ground rings. Since the closed ground ring 
equations also naturally appear in Kontsevich models as the equations of mo- 
tion, the picture of [12] is the natural one to prove the equivalence between 
Kontsevich open string field theory and open minimal strings. The upshot 
of the discussion of Section 3 is the following: The Kontsevich parameter z 
is a non-trivial function of the boundary cosmological constant of the (p, 1) 
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theory — it is the dual boundary cosmological constant. Correlators of n 
boundary operators have to be interpreted as sections of the n-th symmetric 
product of the tangent space to the moduli space. The Kontsevich connec- 
tion defines a covariant derivative on this bundle. This connection vanishes in 
the parametrization of moduli space associated to the conformal (p, 1) model 
but not in the parametrization associated to the Kontsevich model. The 
reason why this is possible is that Kontsevich theory, unlike the conformal 
(j9, 1) theory, picks up the globally defined parameter on the moduli space. 
Thus, the example we are considering confirms the belief ITi] that open 
string field theory always provides a one-to-one parametrization of moduli 
space. Since there is a non-trivial reparametrization between the moduli of 
the open string field theory and those of the boundary conformal field theory, 
correlators computed in the two theories are equal only up to a coordinate 
transformation on moduli space. 

The existence of a non-trivial Kontsevich connection also elucidates the 
equivalence of the string theories based on the (p, 1) and conformal 
models. The parametrization of moduli space of the model is the 

globally defined one: therefore, the corresponding connection does not vanish, 
unlike the one of the [p, 1) model. This means that amplitudes of the 
model must receive non-trivial contributions from contact terms: it is only 
by taking these into account that one can establish the equality — up to 
reparametrization — of these amplitudes with those of the {p, 1) model. 

Finally, in Section 4.2, we extend the analysis to the Kontsevich model 
jO] for the c = 1 non-critical strings at self-dual radius and we conjecture 
that also in this case the matrix field correlators, that we compute, should 
be identified with amplitudes of boundary cosmological constant operators. 
In this case, however, a comparison with worldsheet computations appears 
at present problematic: The naive limit of correlators of Liouville bound- 
ary cosmological constant operators for c = 1 is divergent and no univocal 
prescription to "renormalize" these divergences has been understood so far. 

2 The Kontsevich Connection 

(Generalized) Kontsevich matrix models are defined by the following matrix 
integral 




(1) 



4 



where both M and Z are hermitian N x N matrices and the action 



SxiM, Z) = Ti[V{M) - V{Z) - V\Z){M - Z)\ (2) 

depends on the potential V{M). 

In the early nineties it was understood that when the potential V{M) is 
the polynomial 

V{M) = -—- (3) 
g + 1 

with q integer greater than 1, the associated Kontsevich matrix model (P) is 
related to closed bosonic string theory coupled to minimal conformal matter 
of the {p, q) type. Kontsevich originally considered the model with q = 2: 

where we have put 

M = Z + X (5) 

He showed that the matrix model (0} encodes the correlators at all genus 
of pure topological gravity. This latter theory had been understood to be 
equivalent to the double scaled one-matrix models which describe bosonic 
closed strings coupled to {p, 2) conformal matter. 

The way in which the model (jU computes the correlators of topological 
gravity is the following: Let us denote by On, with n = 1,2, . . . the observ- 
ables of closed topological gravity. The correlators of the 0„'s are encoded 
in the generating function 

^top.gravXdsitfi) = (c^" ) (6) 

which depends on both the closed string coupling constant Qs and the infinite 
number of variables t„. Let also Zi, with i = 1, . . . , A^, be the eigenvalues 
of the hermitian matrix Z. Kontsevich showed that 

Ztop.grav.{gs,tn) _ = N [Zy' e^'^^^'^'^ (7) 

where the functions tn{zi) are defined by means of the the Frobenius-Miwa- 
Kontsevich transform ^ 

t„(^,)^-^TrZ-- (8) 
n 



^Standard arguments of matrix field theory show that the free energy ^2(175, Z) on the 
R.H.S. of Eq. lO does indeed depend on Qs and the combinations (jHl) of the eigenvalues 
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and the normalization factor M{Z) is given by the quadratic matrix integral 



U{Z) = l[dX]e'i-s^'^''^ (9) 



Recently it was proposed ^T] that Kontsevich matrix integral (@]) be 
interpreted as Witten open string field theory on N stable branes of non- 
critical bosonic strings in the background of (1,2) conformal minimal matter. 
These branes have boundary conditions of the FZZT type along the Liou- 
ville direction. FZZT boundary conditions are parametrized by the boundary 
cosmological constant [Ib- The parameter /x^ shows up in the Liouville ac- 
tion on the world-sheet E with boundary 9S as the coupling constant that 
multiplies the boundary cosmological constant vertex operator = e'"^ 

h(t> 



Sboundary — f^B / G (^O) 

where (p is the Liouville field, and the parameter b is related to the Liouville 
Virasoro central charge 

CLiouville = 1 + 6 Q = b+\ (11) 



When the matter is represented by the {p, q) minimal models, 

b^ = ^ (12) 
Q 

According to JT] , the matrix X in the Kontsevich integral Q is to be iden- 
tified with the second quantized field corresponding to the boundary cos- 
mological constant vertex operator Bfy{(j)). The eigenvalues Zi of the matrix 
Z which appears in the Kontsevich action define coordinates on the moduli 
space of FZZT branes. In the boundary conformal field theory the same 
moduli space is parametrized by the boundary cosmological constants /i^^ 
on the i-th brane. In general ^3 open string field theory and confor- 
mal field theory coordinates are non-trivially related. In [11], by comparing 
Kontsevich and FZZT amplitudes for the (1, 2) theory, it was found that this 
relation is simply given by 

I^B^ = Zi (13) 

Since, however, the (1, 2) and (2, 1) theory are physically equivalent, Kontse- 
vich field theory must provide predictions which are consistent with both. In 
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the following we explore the implications of the identifications of [TT for the 
string amplitudes of n boundary cosmo logical constant operators Bb{4>)- We 
will explain, among other things, how the (1, 2) and (2, 1) model are related 
and in which way Kontsevich theory gives a consistent description of both. 



Connected correlators of n matrix fields Xij 



(14) 

are given by differentiating n times the generating function Fx{gs, Z, J) 



with respect to the matrix source Jji and then setting J to zero. (Connected) 
string amplitudes equal amputated connected correlators of the second quan- 
tized theory. Therefore, string amplitudes with n boundary cosmological 
integrated vertex operators Sb{4>) are given by differentiating n times the 
function 

Fxigs,Z,-{Z,<P}) (16) 
9s 

with respect to (pji and then setting to zero. It is useful to introduce the 
effective potential H{Z, 0) which is defined by subtracting to the generating 
function of the amputated connected correlators its free part: 

H{Z, 0) = Fx{gs, Z, -{Z, 0}) - \ogAf{Z) - -Ti Z 0^ (17) 



9s 9. 



s 



We now want to derive an equation that allows to express insertions of 
fields X in amputated connected amplitudes in terms of derivatives with re- 
spect to Z. The existence of such an equation might be expected a priori, 
given the relation (jl3|) and the fact that insertions of integrated vertex oper- 
ators Bb{4>) in string amplitudes should be given — up to contact terms — 
by derivatives with respect to fiB (see Eq. pO|) ). We will see that Kontsevich 
theory implies specific values of the contact terms. 

To derive this equation, let us go back to the integration variable M in 
Eq. (Uni): 
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and thus 

H{Z, 4>) = F^iQs, [Z^ + {Z, 0}]^) - \ogAf{Z) + 

+— [Tr(Z2 + - Tt Z^ - 3Tt Z^ (p - -Tt Z (f)^] = 

3 Qs 2 

= MY) - \ogAf{Z) - A [Tr + 3 Tr + ^Tr Z 0^] (19) 

where we introduced the hermitian N x N matrix 

Y = Z^ + {Z,(P} (20) 
and the invariant function f2{Y) of Y 

f2iY)^F2igs,Y'2) + :^TTYl (21) 
It follows from Eq. (j3]) that f2{Y) satisfies 



l[dM]e-i^^'^'^-''''^ (22) 



Eq. (fTI?|) essentially states that the generating function H{Z, (p) depends 
on Z and only through the combination Y . In the following we want to 
translate this property of H{Z, 0) into a differential equation. 
From Eq. ()20|) one obtains 



dY BY 

l^ = ld^ + ^^k + (23) 



Therefore 



Moreover 



dMY) _ dMY) dUY) 



df2{Y) df2{Y) df2{Y) 



(25) 



where we introduced Aik-ji{Z), the inverse of the propagator of Kontsevich 
matrix theory. Going to the basis in which Z is diagonal, 

Ai.(^) = ^ (26) 

Z-i ~r Zj 



Therefore, in such basis one has 

dhjY) _ 1 dhjY) 
dYki Zk + zi dcpki 
Plugging this into ()24j) we obtain 
df2{Y) dhiY) 



dZki dcpki 
Hence, from (fT^ we deduce 



Zi + Zk d(j)ki Zi + zi d(j)ii 



d 
dZki 


d 

dcpki 


E 

i 




\ ^ 


d 




^dZki 


d(t>ki 



d 



'■>ik 



d 



H{Z,, 



Zi + Zk dcpki Zi + zi dcpii 

<Pii d _ (t)ik d 1 
Zi + Zk d(j)ki Zi + zi d(j)ii 



\ogU{Z) + — [Tr + 3 Tr + TjTr Z 0^ 



Since 



-^|[TrZ3 + 3TrZ20 + ^TrZ02] = (2Z2 + 2{Z,0} + 02; 



Ik 



and 



I [Tr Z3 + 3 Tr + ^Tr Z <\?\ = (2 + {Z, 0}) 

^kl 3 2 



Ik 



it follows that 

d d 



dZki d(j)ki 



d 



n.k 



d 



Zi + Zk d(j)ki Zi + zi d(f)ii 



■[IiZ^ + 



+3 Tr + ^Tr Z 02] = _1 (02)^^ 
2 Qs 



Moreover 



d\ogM{Z) 



dZi 



kl 



-^ik — \ 

/ y. _L_ 



Zi + Zk 



Eq. ()29p becomes therefore 

r d d 



dZ, 



kl Uipkl 



E (Pli 
r. -I- 



d 



'■>ik 



d 1 



Zi + Zk dcpki Zi + zi dcpii 



H{Z, 



^ Zi + Zk Qs 



Ik 



Introducing the generating function of the (both connected and non con- 
nected) amputated correlators of X 



we obtain the homogeneous hnear equation 

d _d >^ _4>ii d 



(35) 



dZ, 



kl 



d 



Zi + Zk dcpki Zi + zi 



+ 



-5ik — 



}lk 



-- 



(36) 



—^Zi + Zk Qs 

Eg. ()34|1 relates X insertions in correlators to derivatives with respect to 
Zki- Let us see explicitly how this works. Let us introduce the covariant 
(^-derivative 



D 



d 



Ik 



Since 



d 



^ki 



' ^ik 



5«i 



d 



+ 



^ik 



d 



'Zi + Zk dcpki Zi + zi dcpi 

^Im d 6nk 9 



■'ml 



Zn + Zk dcpkn Zm + Zi 

derivation of Eq. (j34|l with respect (pmn gives 

d dH{Z,(t)) bim dH{Z,(P) 5nk dH{Z,< 



(37) 



(3^ 



-dZkl d(j)mn 

dH{Z, , 



Zfi -\- Zk 



■'kn 



Zm ~l~ Zi 



■>ml 



D 



Ik 



H {^Ira'Pnk + 4>lmSnk) 

9s 



(39) 



Setting now (pij = 0, one expresses the connected amputated 2-point function 
of X as Z covariant derivative of the 1-point function: 

d'H{Z,<p) 1 

TT: — \^lk ^nm/c.a. \Onk^lm "T ZjnkOlm) — 

dcPkl dcpmn Qs 

d{Xfirn)c.a. ^ImiXnk) c.a. ^nk{Xlrn) c.a. 



dZ, 



kl 



Zfi -\- Zk 



Z-m ~l~ Zi 



d i^Xnm) c.a. 



dZ, 



kl 



ESlm Ski Snj + S nk ('mi ^Ij i -y- \ 
^ \ ^ X^jilca. 



Zi ~t~ Zj 



D 



' {-^nm) c.a. 



(40) 



kl 
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The two terms that make up the connection piece of the covariant derivative 
■^j^ have a clear physical origin: they are the two contact terms that are 
generated when the operator Xik collides with the operator Xnm either from 
the left or from the right (see Figure Q). By taking more (p derivatives of (j39p 
one obtains the generalization of the recursion relation (j4(Jj) for higher point 
functions. The case of the 3-point function is somewhat special, due to the 
term linear in that appears in the R.H.S. of Eq. ()39|): taking the derivative 
of this equation with respect to (ppq gives 

{^Ik Xqp Xnm)c.a. = -pTT^ 771 TTT^^ {^Im ^np ^qk + ^Ip ^qm ^nk) (41) 

DZkl d(l)pqd(l)mn 9s 
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where now the connection in the covariant derivative with respect to 
Zik includes the terms associated with the contacts between Xik with two 
operators, Xnm and Xqp. 

d^H{Z,(f)) 



5im d^H{Z,, 



DZ, 



kl OCPpq OCPmn 



d Zm d(f)pg d(f).mn Zn + Zk d(j)pq d(f)kn 

6ip d^H{Z,<p) 



Zm + Zl d(t)pq dcpml Zg + Zj, d(f)kq d(f)„ 

Sqk d^H{Z,(P) 

Zp + Zl 



(42) 



n-point functions of X with n > 3 are given by covariant Z-derivative of the 
n — 1 -point functions: 



for n > 3 (43) 



where the covariant derivative includes the connection terms which 



DZ. 



correspond to the contacts of Xj^^i-^ with the n — 1 operators Xj^i^, ■ ■ ■ , Xj^i^. 

Consistency of the recursion relations (|43|) requires the Kontsevich co- 
variant Z-derivative to be flat 



D D 



D Zki D Zij - 







(44) 



The flatness relation (j44j) follows from the fact that the Kontsevich covariant 
Z-derivative can be rewritten as 



DZi 



kl 



X 



{Xj^i^ . . . Xj^i^)c.a. - Ajj_iy,aibiiZ) . . . Aj,-„i„;a„fe„(^) X (45) 



d 



dZ, 



kl L 



^aifei;ci<ii(^) • • • ^a„V;c„d„(^)(^ciQ!i • • • -^c„d„)c.a. 



and from the following symmetry of the Kontsevich propagator 



d 



d Zi^j^ 



A 



■j2i2;ab 



d 



f) 7 



(46) 
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3 The disk 



The tree approximation of the Kontsevich matrix theory computes disk cor- 
relators of Liouville boundary cosmological constant operators. At tree level 
the one-point function vanishes 

{Xn^)T: = (47) 
Therefore and (jUJ) imply that 



and 



(48) 



{Xik Xqp XnmY^.T ~ (^'"i ^np Sqk + ^ip ^qm ^nk) (49) 

9s 

Since this is Z- independent, it follows from the recursion relations (j43j) that 
the "bulk" contributions to the string amplitudes with three or more bound- 
ary cosmological constant operators vanish. The only non-vanishing contri- 
butions to the four and higher-point functions come from the Kontsevich 
connection. From the point of view of the Liouville boundary conformal field 
theory this means that the bulk contributions to string amplitudes with n 
boundary cosmological constant operators vanish when n > 4: 

(e^'/'(^'i)...e'"^(^")) = (50) 

Disk string amplitudes with n > 4 are given only by contact terms, coming 
from the boundary of the (open) string moduli space, i.e. from the regions 
where some of the points Xi and Xj collide. This is the paradigmatic situation 
of topological string models. Typically, contact contributions to string ampli- 
tudes are difficult to compute from the world-sheet (first quantized) point of 
view: we have just shown that the Feynman rules of Kontsevich open string 
field theory precisely encode the information about such contacts, very much 
like Chern Simons field theory computes the contacts of open topological 
non-linear sigma models ^H]- In the following of this Section we will dis- 
cuss how Kontsevich prediction for the disk amplitudes with n boundary 
cosmological constant operators, contained in Eqs. (jl^ and PHj) . compares 
with the computations [T3] , [T7] of the same amplitudes which are based on 
the results about Liouville boundary conformal field theory on FZZT branes 
obtained in Pj-fTH]. 
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Disk string amplitudes of boundary cosmological constant operators are 
precisely the focus of the work ^H] , where it was observed that they are com- 
pletely captured by the (closed) ground ring equations for the corresponding 
minimal string theory. The ground ring of the (p, q) theory is generated by 
two elements, x and y subject to the relation 

T,{y/C)-T,ix) = (51) 

where T!„(x) are the Chebyshev polynomials of the first kind, and a C is a 
computable constant. Let y = yp,q{x) be the solution of the relation (jHH), 
and define the primitive Fp g{x) of yp^g{x): 

/X 
dx'yp,gix') (52) 

It was remarked in J3] that the disk string amplitudes with n boundary 
operators Bb{(f)) for the case of = 1 FZZT brane are given by the n-fold 
derivative of Fp^q{x) with respect to x, 



upon the identification 



x = ^ (54) 
^^^^ 



where /x is the bulk Liouville cosmological constant^. 

Before comparing Liouville theory result for (p, q) = (2, 1) to the 
Kontsevich prediction let us first make a side remark. Both {p, q) and {q, p) 
correspond to the same conformal theory, and therefore the [p, q) and the 
(g,p) string theories should be identical. On the other hand the ground ring 
()5ip is invariant under the exchange of p with q only if one simultaneously 
exchange x with y. It is therefore natural to consider, together with the 
Fp,j(x), the primitive Fp^g{y) of Xp^g{y), the function inverse of yp^g{x): 

Fp,q{y) = / dy'xp^giy') (55) 



^If Bb is the vertex operator that muhiphes /is in the Liouville action, its n-point 
amplitude is actually given by Eq. 153() times a dimensionfuU factor y/Jl^^^ +i-n^ -^^^ ^^-iig 
section we set, for clarity, ji = 1: the /i dependence can be easily reconstructed from 
dimensional arguments. 
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As pointed out in [1^], Fp^g{x) and its "dual" Fp^g{y) are related by a Legendre 
transformation 

Fp^q{x) = xy - Fp^q{y) (56) 

Moreover, y can be identified with the dual boundary cosmological constant 
of Liouville theory 

y = ^ (57) 

1 

where n = n'S^ is the dual bulk cosmological constant. 

It is then clear that, because of the invariance of (j51|) under the simulta- 
neous exchange of p with q and x with y, one has 

Fp,,(x) = Fg,p(x) (58) 

and 

FpM = FqM (59) 

The identity (j3S|) shows that one can compute the disk string amplitude with 
n boundary cosmological constant operators either by differentiating Fpg{x) 
n times with respect to the boundary cosmological constant /i^ (at fixed fi) 
or differentiating the dual partition function Fq^p{y) n times with respect to 
the dual boundary cosmological constant jls (at fixed jl): 

{^^)p.= 9^Fp,ix) = —F,M\^^^ (60) 

Note, however, that Fq^p{x) ^ Fp^q{x) = Fq^p{x): one may, therefore, won- 
der what do the derivatives of Fp^q = Fg^p compute. Since 6^ = p/q, one 
might suspect that they compute n-point functions of the dual cosmological 
constant operator Bi (0) 

b 

n'^^-=d^nFvAy)=Q-,Fq,p{x)l^, (61) 

We are going to show that in fact this is not the case: actually if (jUT|) were 
true, one would face a puzzle. Indeed, since F^p ^ Fp g no direct relation 
between the amplitudes of the (p, g) and the (g,p) models would hold. This 
would be surprising since the two models should correspond to the same 
string theory. 
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Going back to the topological theory (p, q) = (2, 1), the ground ring curve 
reduces in this case to 

y^-l-x = Q (62) 

Thus 

F2,i{x) = jdx' ^V^^='^{x + l)-2 (63) 

and 

hAv) = x{y) y - F2,iix{y)) = ^v' - V (64) 

Thus, Liouville world-sheet computation for the the string amplitude with n 
boundary cosmological constant operators of the (2, 1) theory gives 

^^^"^^'^=9^3^^ + '^' ^^^^ 
Note however that had we chosen (p, q) = (1, 2) we would have obtained 

(i3,^)i.2 = ^F,,(y) = — F,,(,)=2 

TOi,2 = ^Fi,2(l/) = ^F2,i(y) = for n>4 (66) 

To compare and ()66|) with Kontsevich prediction, let us specialize 
the general formula Eq. ()43|) to the case of one single (A^ = 1) brane on the 
disk 

{B"^) Kontsevich = -D^" {Sf) Kontsevich for U > 3 (67) 

where the covariant derivative is 

Taking into account the value of the tree 3-point function 

{^b) Kontsevich = ~2 (69) 

(having set for clarity gs = 1), one has 

{B^) Kontsevich = D^Fj^iz) = of'^^ Df~^'> ■ ■ ■ D'^P Fk{z) (70) 
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with 

FKiz) = (71) 

In ()7()|1 . Fk{z) should be considered a scalar function from the point of view 
of the covariant derivative, while its n — 1-th covariant derivative is a section 
of the n — 1-th power of the holomorphic tangent to z. 

Because of the trivialization of the Kontsevich connection ()45|1 . one can 
rewrite (ffn|l as 

{B'i)Kontsevrch = {^{z)Y ^Fk{z{x)) (72) 

where A (2;) = 2 z is the Kontsevich inverse propagator and z{x) satisfies 

^^=/^{z)=2z (73) 



This equation reproduces the ring relation (jozj) once we identify the Kontse- 
vich parameter z with the dual boundary cosmological constant y 

z = y (74) 

With this identification, 

Fk{z{x)) = F2,i{x) (75) 

and 

{131') Kontsevich = (^b)^,! (76) 

Finally, note that Kontsevich n-point amplitude can also be written as follows 

_ \ ^!:^mM1 (77^ 

/ Kontsevich — \' ' ) 

Let us sum up what we learnt from the comparison of Kontsevich and Liou- 
ville computations. 

First, it is clear that Kontsevich theory really computes correlators of 
the (1, 2) minimal theory, rather than those of the (2, 1) theory. This, in 
a sense, does not come as a surprise since the authors of |1]J did derive 
Kontsevich theory from Witten open string field theories on Liouville branes 
with 6^ = p/q = 1/2 (rather than 6^ = 2). 

Moreover, Kontsevich theory shows that the string amplitudes of the (1, 2) 
theory are not correctly computed in the Liouville conformal field theory 
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approach with the exception of the 3 point function. The reason of 

course is that the conformal field theory computation misses the contact 
terms which are instead correctly encoded in the Kontsevich connection. 

Last — and most important — we understood the relation between am- 
plitudes of the (2, 1) and those of the (1, 2) theory: they are related simply 
by a coordinate transformation on their common moduli space. Indeed, since 
the boundary cosmological constant operator is a (holomorphic) vector tan- 
gent to the moduli space of FZZT branes, the n-point amplitudes should 
transform as (holomorphic) tensors with n indices. This is precisely the con- 
tent of Eq. (fTUj) . This is good news: after all the (2, 1) and the (1, 2) model 
should correspond to the same string theory. It is therefore comforting to 
verify that the amplitudes of the two models do contain the same physical 
information, and they merely parametrize the same moduli space with differ- 
ent coordinates. Introducing the Kontsevich connection also nicely restores 
the symmetry between the partition function Fi 2(x) and (minus) its dual 
Fi.2{y)'- one can start with the 3-point functions computed with either parti- 
tion functions, and then compute higher-point functions with the appropriate 
(covariant) derivative, using either Eq. or Eq. (fTTjl ^. 

The relation between the ground ring equation and the Kontsevich model 
can be straightforwardly extended to the (p, 1) minimal string models. For 
these theories the ground ring becomes 



Following the steps^ discussed above, the corresponding Kontsevich model 
should be described by the action Q with a potential V{M) given by 



and the eigenvalues z of the matrix Z identified with the dual boundary 
cosmological constants z = y oji the FZZT branes. One is lead therefore 
to conjecture that the Kontsevich model with potential ()79|) represents the 

■^It should be kept in mind that the string amphtudes that are well defined on the disk 
are those with n > 3. The dual of is therefore iffTjl . but not —DyF2^i- 

^The computation that connects the curve H78|l with the Kontsevich model with po- 
tential H79I) is essentially the same performed in That paper, however, deals with 
topological strings propagating in a non-compact Calabi-Yau space. In that context, Eq. 
H78(l . rather than being interpreted as the ground ring equation of non-critical bosonic 
strings, represents the locus where the fibration which defines the Calabi-Yau degenerates. 



T^{y/C) - X = 




V'{M) = Tp{M/C) 



(79) 
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(effective) open string field theory on the FZZT branes of the {l,p) model: 
the Kontsevich field X = M — Z should be identified with the boundary 
cosmological constant vertex operator Bb{4')- Hopefully, this could be proven 
along the lines of [11^ , starting from the microscopic Witten open string field 
theory. Even if the topological localization of ^] would work for this case as 
well, the matrix theory that one would obtain upon localization would still 
involve q — 1 matrix fields. One can further conjecture, following the sugges- 
tion of [TT], that, by integrating out all but the matrix field corresponding to 
the vertex operator Bb{4>), one obtains precisely the Kontsevich model (f7^ . 

Verifying directly these conjectures is a task that remains to be accom- 
plished. One can however compare formulas for the disk amplitudes of bound- 
ary cosmological constants that one obtains from the ground ring (fTHj) with 
those predicted by the Kontsevich model ([7^1) . Our previous discussion made 
clear that agreement between these two computations has to hold only up to 
the appropriate coordinate transformation on the moduli space. Therefore 
the conjectured relation between amplitudes evaluated in the two approaches 
should be just as in Eq. (fTBjl : 

where 

Vp{y) = I'dy'Tpiy'/C) = F,^,{y) (81) 

is the potential of the Kontsevich model^. It is immediate to verify that 
(j8Up holds if and only if the Kontsevich correlators for one single brane are 
given by covariant derivatives, that, when acting on correlators with n vertex 
operators Bb{4>), write as follows 

1 V"'(v) 
r)(n) ^ \v"(v)r d = = d -n ^ f82) 

Following the steps of Section 2 one can indeed easily prove the validity 
of Eq. ()82j) for the Kontsevich model with a generic potential V{y) and 
N = 1. The generalization of this computation to the case with N branes 
will be presented in the next Section,where, for sake of clarity, we will restrict 



^Note that V2{y) defined by Eq.(|HU is V2{y) = y^/3 - y (as in Eq. (EH)), rather than 
the purely cubic potential of Section 2. However, since in general Fk{z) = V{z) — zV'{z), 
the Kontsevich free energy Fk{z) does not depend on the linear part of the potential. 
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ourself to the case of monomial potentials 



V{M) 



(83) 



The case with a generic polynomial potential is not significantly more com- 
plicated. 

Actually, it had been already suggested in the nineties , |S] , 111 , |S] that 
the generalized Kontsevich models with monomial potentials (I83|) are related 
to closed minimal strings of the (j9, 1) type with zero bulk cosmological con- 
stant /i. This also agrees with the ground ring approach. In fact, taking into 
account the definitions ()54|) and (j37|) of the parameters x an one has that 
in the limit — the ring (f7H|) reduces to 



in agreement with (jHH)) . 

Let us conclude this Section by commenting on the implications of the 
Kontsevich connection for the geometry of the moduli space of FZZT branes. 
From the point of the view of the conformal field theory, this moduli space is 
parametrized by the boundary cosmological constant x, which is the coupling 
constant of the marginal operator Bb- It is natural to analytically continue 
X (and thus y) to the complex plane. Since at tree level x and y satisfy 
the ground ring equation (f7S|). the semi-classical moduli space is identified 
with the genus zero Riemann surface M.p^i whose equation is (|78p. The 
uniformizing parameter for M.p^i is y, i.e. the complex y plane covers the 
Riemann surface once and only once: We just understood that y is the same 
as the parameter that parametrizes the moduli space in the Kontsevich 
open string field theory. Thus we notice two things: First, as expected on 
general grounds fSl ■, there is a non-trivial reparametrization between the 
conformal field theory and the open string field theory moduli, given by the 
relation z = y{x) found in ()74|) . Moreover, in the case we are considering, 
string field theory provides a one-to-one parametrization of the quantum 
moduli space: This supports the proposal advanced in [T31 E] that this 
might be a general property of Witten open string field theory. 

Our analysis of Kontsevich string field theory also shows that on the 
quantum moduli space parametrized by z plane there is a connection 



X = 



(84) 



(85) 
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whose curvature^ 

Rp = d,Tp (86) 
has a delta function with support at the points where 

V;'iz)=T;iz)=pU,^^iz) = (87) 

{Up{z) is the Chebyshev polynomial of the second kind). As Up^i{z) has 
degree p — 1, the Kontsevich connection for {p, 1) minimal models defines a 
non-trivial line bundle of first Chern class equal to p — 1. 

In this context, it is interesting to note that recently the authors of 
analyzed the structure of the quantum moduli space of FZZT branes Aip^q 
in the general case {p,q)- At the semi-classical level Aip^q has singularities 
in the non-topological case g > 1: these are singularities of the differential 
structure on the moduli space which correspond to points (x, y) on A^p,g that 
satisfy both 

Up-iiy) = (88) 

and 

Ug-i{x) = (89) 

The physical interpretation of these singularities is related to ZZ branes. It 
was found in ^\ that these singularities disappear when non-perturbative 
effects are taken into account. What we have found here is that in the 
q = I case — when (jH^ has no solutions — the quantum moduli space has 
curvature singularities located precisely at the points that are solutions of 
(|88p. At these points in the moduli space the Kontsevich matrix theory is 
singular. This means that the topological localization of fl] fails precisely at 
these points of the moduli space: around these points therefore the physics 
is described by the full fledged Witten open string field theory and not by 
its Kontsevich reduction. It would be interesting to understand the physical 
interpretation of this phenomenon. 

3.1 Geometrical origin of the Kontsevich connection 

In this subsection we will give a geometric interpretation of the Kontsevich 
connection, by showing that it is the Levi-Civita connection associated with 
a (singular) metric on the moduli space. 

^The curvature H86|l is associated with an holomorphic anomaly of the Kontsevich string 
field theory. 
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We have seen that the curve in associated with the Kontsevich model 
with potential V{y) is 

V'{y) = X (90) 

Consider the family of fiat metrics on given by 

{ds)\ = dy ® dy + X^dx® dx (91) 

parametrized by > 0. This metric induces the following metric on the 
Kontsevich curve 

{dsfy^^ = ( |v-//J(a;))|2 + ^')^^^^^= {l + >^^\V"{y)f)dy®dy (92) 

Hence the associated Levi-Civita connection in local coordinates (x, x) writes 
as follows 



l + A2|\/"(y(a;))|2j V"^{y) 
In local coordinates (?/, y) the connection is instead 

^ y\y)V'"{y) 

The limit of A oo of such a connection is 

= (95) 

in X coordinates and 



= TTJTTX (96) 



V"'{y) 
V"{y) 

in y coordinates. In conclusion the connection that appear in the Kontsevich 
correlators is the connection induced by the fiat metric on ()92|) in the 
limit A — >^ oo. 

4 Generalizations to q ^ 2 

4.1 q>2 

As recalled in Section 2, Kontsevich original model admits the following 
generalization when g in (jS)) is greater then 2 

(97) 
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where the action rg_^.i{X;Z) is the following invariant polynomial of order 
g + 1 in X: 



(X + - Z"+^ -{q + l)ZiX 

q+l 



Vi(X;Z)=Tr 
The quadratic part of the action ()98|) is 

= ^E^!t(^)^^^' 



(9^ 



kl 



(99) 



ij,kl 



where we introduced the inverse propagator A[f.j^{Z) of the generalized Kont 
sevich theory 



q-l 



(100) 



a=0 



In the gauge in which Z is diagonal the propagator becomes therefore 



(101) 



where P^'^ ^\zi,Zj) is the homogeneous symmetric polynomial of Zi and Zj 
of degree g — 1 



q-l 



a=0 



Zi Zj 



(102) 



Introduce the analog of the invariant function defined in Eq. (f^^ 



[dM] e 



J.Tr\Ml-YM] 

as Lij+i J 



(103) 



Then the effective potential H{Z, 0) is given by 



H{Z,(l)) = fgig,,Y)-\ogJ\f,{Z) 



^Tr + gTr + 
iq + l 



g-l 



+ -Tr 



a=0 



(104) 
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where the matrix variable Yij is 

9-1 
a=0 

(105) 

and Lz{<f)) = are the hnearized equations of motion for 0. In Eq. ()104|) we 
have also introduced the normalization factor 

KiZ) = J [dX] e^i^^^^' = (Det(,,,,) Ag^,)-^/^ (106) 

Thus 

df,{Y) df,{Y) df,{Y) J_^M,fz)S (107) 

and the differential equation satisfied by H{Z, 0) becomes 

logA/;(Z) + - (^-^Tr ^"^^ + gTr + -Tr ^ Z""^-" 

= ^[A(^H^)];i. J- a54(^) + 1 Y^Y^^'4>z'^-'-''4>z-~'-%^ (109) 

a=0 fe=0 

Consequently the covariant 0-derivative is now 



9w — P('?-l)(0„;2,) 

It follows, from the same argument as in section 2, that the connected am- 
putated 2-point function is the covariant Z-derivative of the 1-function 

— TTT"^ = {XikXnm)c.a. ^lk;nm{Z) = {Xnm)c.a. (HI) 

0(PH 0<Pmn Qs 1^ ^kl 
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where the covariant Zi./-derivative acts on X„m as 



\^nm/c.a. 



DZki 



kl 



X 



d 



.9-1 



dZki- , 

d {Xfirn) c.a. 



dZ, 



kl 



1 



dZ, 



kl 



c.a 



(112) 



Evaluating the Zki derivatives in the gauge when Z is diagonal, one obtains 



dZ, 



kl 



(113) 



Thus, the covariant Z-derivative ()112|) writes as follows 



D 



c.a. 



E 



q-2 

X [^^k 5ml Zt^-^ P('^-l) (Z,, Zi) + 
a=l 

+6nk Sjl S - " P^" ^\zk,Zi)\{Xji)c.a. = 

d {X^m)c.a. S^l EZl 4'^'" P^^'-'Kzk, Zi) 
dZkl P(l-^){Zk,Zn) 

SnkErJl^?n"'-''P^''-'K^k^/y . 

\-^lirii c.a. 



{Xnk)c .a. 



Now 



9-2 



Y^zl-^-^P^'^-'\z,,Zi) 

a=l 

Therefore 



P('?-i)(^^,^,) 

P^'l-^\zuZn)-P^'^~^\zk,Zn) 



Zl — Zk 



(114) 



(115) 



DZu - ™' (z,-z,)P(^-i)(z,,z„) ^^"'^^^■^ 

p(«-i)(^,,zJ-P(«-i)(zfc,z„) 



{zi-Zk)P^'i~^\z.^,Zi) 
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c.a. 



(116) 



Thus, in the general case as well, the Kontsevich connection in includes 
two terms that correspond, in the first-quantized world-sheet picture, to the 
two contact terms that can arise when the operators Xnm and Xik collide, 
as shown in Figure Q It is worth noting that in the q > 2 case the factor 
associated with the contact that arises when an open string stretching from 
the brane zi to the brane Zk collides with a string stretching from brane z^ 
to a third brane Zm depends not only on the final branes zi and z^ but also 
on the intermediate brane Zk- 

Again one can verify that covariant Z-derivatives are flat since they can 
be written as 

r){") 

(X,,, . . . = Ag^^,^,^(Z) . . . A(.i^,^,jZ) X (117) 



d 



X 



dZ, 



kl 



where [A('?)(Z)]^r.^^^ is the propagator (jlOlj) appropriate for the generalized 
Kontsevich model. 

In the case of only one brane, = 1, the previous formulas considerably 
simplify. For the Kontsevich model with generic potential V{M), the inverse 
propagator is 

A^^)(z) =V"iz) (118) 
and thus the covariant Z-derivative given in Eq. ()117p reduces to 

^1"^=^^---^ (119) 
which is the announced result 



4.2 c=l 

In IHj the Kontsevich matrix model for c = 1 bosonic strings at self-dual 
radius was derived: it is defined by the following functional integral 

ZK{t,t) = y[rfM]e-T'-[(^-'^)i°s^^+'^S^-*^*"']+'^T^^^^ (120) 

where 

u = -ifi (121) 



26 



with /i the bulk cosmological constant. t„ and ik, which are the moduh corre- 
sponding to left and right moving closed string tachyons, enter the Kontsevich 
c = 1 model p20|) in a quite asymmetric way: ik are coupling constants of 
the invariant operators Tr M^, while t„ are expressed in terms of the external 
matrix source A via the Frobenius-Miwa-Kontsevich transformation 

tk = —TTA-'' (122) 

The partition function Zxitji) encodes amplitudes between left moving and 
right moving closed string tachyon vertex operators 7^. and 71^: 

ZK{t,i) = (detA)-' {e^^'^'^"^'''^-') closed (123) 

Following the lesson of non-critical minimal strings, one would like to conjec- 
ture 1201 1^ that even the c = 1 Kontsevich model should be identified 
with the (effective) open string field theory of N stable branes of Liouville 
theory coupled to c = 1 matter. Moreover, as in the cases studied so far, 
we propose to identify the X matrix field with the cosmological boundary 
vertex operator. In the following we want to derive the implications of this 
identification for amplitudes of cosmological boundary vertex operators at 
c= 1. 

The problem of computing these amplitudes directly in the boundary 
conformal field theory is a subtle one |22] and has not been solved yet: This 
is due to the fact that taking the naive 6 — >■ 1 limit of Liouville correlators 
produces divergent answers. A step towards the solution of this problem has 
been taken in where finite correlators of boundary tachyon operators 
of non-zero momentum has been obtained by a regularization and renormal- 
ization procedure. However the naive extension of the correlators of |21j to 
zero-momentum boundary operators — which correspond to the boundary 
cosmological constant operators we are interested in — again produces infi- 
nite answers. It is possible that a further renormalization is needed to obtain 
a finite result. So, at the moment, the Kontsevich model for c = 1 provides 
a prediction for boundary cosmological constant operator amplitudes that 
cannot be independently verified. 

We will work at the "topological" point at which t„ = 0. In this case, by 
setting 

vZ = v'A-^ (124) 

with 

= p-N (125) 
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the function integral (|12Uj) reduces to one of the form (PI21) with potential 

V{M) = -u' \ogM (126) 

Thus, the partition function of the c = 1 Kontsevich model at the topological 
point is 

(127) 



where Tc=i{X] Z) is the Penner-like action 



r,=i(X; Z) = -Tr [log(l + Z'^X) - Z'^X] = ^ ^— ^ Tr {Z'^Xy (12 



n=2 



The quadratic part of the action and the inverse propagator are 

r?Ji = \TrZ-'XZ-^X = i5^Ag)(^)X,,X,, (129) 



ij,kl 

The effective potential of the model is given by 

H{Z, 0) = /e=i(i/', Y) - logAr,=i(Z) - u' [Tr (log Z - I) + 

+Tr + ^Tr Z^V^^V 
e/.^i(.',v) = y[^M]e.'Tr[iogAf+yA/] 

Y = Z~^ {-l + (f)Z~^) 
K=i{Z) = J[dX]e-'''^'"=^ 

and it satisfies the following differential equation 
d d 



(130) 



(131) 



dZ, 



kl OCpkl 



9 -1,9 

ik ^ , ~l" ^/ Vli o , 



H(Z, 



-N 6kiz^' - {Z~'<PZ-^<PZ-'] 



Ik 



(132) 
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In the equation above we have used the fact that the Kontsevich connection 
is, in this case 

From Eq. 1)1311) we can read off the covariant Z-derivative acting Xnm 

■{Xnm)c.a. = — ^ r^ry ^ ^ ^Im. {Xnk)c.a. + ^nk {Xlm)c.a. (134) 



To make a prediction for amphtudes of boundary cosmological constant 
vertex operators on the disk we compute the Kontsevich effective potential 
H{Z, 0) at tree level. Since, in the tree approximation, 

/ri^(z/',F) = -z/'Tr(logF + l) (135) 

we find, from Eq. ()13H) 

H{Z,^y''^ = -z/'Trlog(l-0Z-^)-logA/;=i(Z)-z/' Tr^'V+^TrZ-V^'^f 

(136) 

By taking the third derivative with respect to of H{Z, 0)*'^*^^, we deduce 
that the connected amputated 3-point function at tree level is 

q(3) ^ ^kq Sjp + 6iq 6kj 6lp (137) 

Zk Zp 

The two terms correspond to the two cyclically inequivalent orderings of the 
vertex operators. Higher point amplitudes are obtained from C^^^ via the 
covariant derivative of Eq. ()134j) : 

In particular, in the case of only one brane, the n-point amplitude is 

C^-\z) = u'^^^ (139) 

As discussed above, the correlators C*^"^ should be identified with the 
amplitudes of n boundary cosmological constant operators on the disk. In 
order to compare with boundary conformal field theory computations one 
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needs to know the relation between the string field theory parameter z and 
the conformal field theory parameter x = ubI ^/J^- It is natural to extend the 
recipe valid for the (p, 1) minimal models to the c = 1 strings as well: as the 
analog of the curve (f75j) for the logarithmic potential ()126|) is 

xy = l (140) 

we propose the identification 

z = y = x~^ (141) 

As we explained in section 3, the fact that amplitudes of boundary cosmo- 
logical constant operators are given by the Kontsevich result (jl39p . with the 
identification ()141|) . is equivalent to the statement that, for c = 1 non-critical 
strings, these amplitudes are captured by the curve p40|) via the procedure 

of 

As a matter of fact, the curve ()140j) plays the same role for the topological 
B-model on the conifold that the curve ()84|1 plays for the (p, 1) topological 
models [THj . However, we note that the conjecture ()140|) . ()141|) appears to be 
somewhat problematic in the non-topological formulation: The curve fll40p 
coincides with the ground ring of non-critical c = 1 strings only in the case 
in which the scalar field representing the c = 1 matter is non-compact. In 
the compact case, which is the one described by the Kontsevich-like model 
()120|) . the ground ring has two more generators, u and f , and it is given by 

xy — uv = 1 (142) 

It is not clear to us how the extra generators find their place in a suitable 
generalization — if it exists — of the mechanism discovered in by which 
the closed ring computes open string amphtudes. 

It is also not clear how the 6^1 limit of Liouville correlators would 
reproduce the prediction ()139p . As recalled before, the naive limit produce 
infinite expressions and an appropriate renormalization procedure, for the 
case of boundary cosmological constant operators, has not yet been defined. 

5 Conclusions 

We have shown that the interpretation of Kontsevich matrix models as open 
string field theory for FZZT branes coupled to minimal matter implies in- 
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teresting predictions for amplitudes of boundary cosmological constant op- 
erators. We have learned that Kontsevich theory provides both global co- 
ordinates for the open string moduli space and a connection on it: By ex- 
pressing insertions of boundary cosmological constant operators as covariant 
derivatives with respect to this connection, Kontsevich theory captures con- 
tact term contributions to open string amplitudes, arising from the points in 
moduli space in which boundary operators collide either between themselves 
or with nodes of the Riemann surface. 

We have shown that the consistency of Kontsevich theory with boundary 
conformal field theory formulas hinges on some rather subtle issues. We have 
analyzed these by comparing Kontsevich amplitudes with a representation 
of boundary cosmological constant correlators of {p, 1) non-critical strings 
on the disk recently found in In order to prove the agreement be- 

tween the first and the second quantized point of view two ingredients were 
essential: The determination of the change of variables between the open 
string field theory and the boundary conformal field theory coordinates on 
the brane moduli space and the realization that correlators of boundary op- 
erators transform, under such reparametrizations, as sections of the tensor 
product of the (holomorphic) tangent bundle to the moduli space. The agree- 
ment we found provides evidence for the conjecture, which had not yet been 
explicitly verified for the case p > 2, that generalized Kontsevich models do 
indeed represent (effective) open string field theories of non-critical bosonic 
strings coupled to {p, 1) minimal matter. 

We have also presented an analysis of the Kontsevich model for c = 1 
non-critical strings along similar lines. In the c = 1 case, however, the 
current limited understanding of Liouville theory in the 6—^1 limit did not 
allow us to compare Kontsevich predictions with boundary conformal field 
theory results. It would, of course, be interesting to elucidate this issue. One 
possibility is that, once an appropriate renormalization procedure at 6 ^ 
1 has been taken, amplitudes of boundary cosmological constant operators 
do indeed reduce to Kontsevich correlators. Another possibility is that the 
Kontsevich matrix field X is not, in this case, the string field corresponding 
to the cosmological constant operator but some more complicated composite 
field, originating from the process of integrating out all other fields in the 
full string field theory. 

Perhaps one of the most intriguing results of our analysis is the fact that 
the Kontsevich connection is not flat and its curvature has delta function 
singularities at the points where the Kontsevich kinetic term degenerates. 
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The non-flatness of tlie connection is associated witli a liolomorphic anomaly 
of the Kontsevich matrix model, analogous to the one of closed topological 
strings The holomorphic anomaly of closed topological strings has deep 
consequences for the background independence of the models It would 
be interesting to see if a similar interpretation of the anomaly could be given 
in the Kontsevich case also. One should also elucidate the physical mean- 
ing of the singularities of the Kontsevich curvature. It has recently been 
shown in ^\ that the quantum moduli space of open minimal string theory 
is smooth, as a differentiable manifold. The poles of the Kontsevich connec- 
tion imply that the same moduli space, however, has curvature singularities. 
At the singularities topological localization fails and one presumably should 
reintroduce the full degrees of freedom of Witten open string field theory to 
correctly describe the physics around such points. 
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